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PREFACE

The series of manuals on techniques describes procedures for planning and
executing specialized work in water-resources investigations. The material is grouped
under major subject headings called “Books” and further subdivided into sections and
chapters. Section A of Book 6 is on ground-water modeling.

The unit of publication, the chapter, is limited to a narrow field of subject
matters. This format allows flexibility in revision and publication as the need arises.
Chapters 6A3, 6A4, and 6A5 are on the use of a particular transient finite-element
numerical method for two-dimensional, ground-water-flow problems. These Chapters
(6A3, 6A4, and 6A5) correspond to reports prepared on the finite-element model given
the acronym MODFE and designated as parts 1, 2, and 3, respectively. Part 1 is on
“model description and user’s manual,” part 2 is on “derivation of finite-element
equations and comparisons with analytical solutions,” and part 3 is on “design philos-
ophy and programming details.”

Any use of trade, product, or firm names is for descriptive purposes only and
does not imply endorsement by the U.S. Government.
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number, chapter number, and “U.S. Geological Survey Techniques of Water-Resources Investigations.”

TWRI 1-D1.  Water temperature—influential factors, field measurement, and data presentation, by H.H. Stevens, Jr., J.F. Ficke, and
G.F. Smoot. 1975. 65 pages.

TWRI 1-D2.  Guidelines for collection and field analysis of ground-water samples for selected unstable constituents, by W.W. Wood. 1976.
24 pages.

TWRI 2-D1.  Application of surface geophysics to ground-water investigations, by A.A.R. Zohdy, G.P. Eaton, and D.R. Mabey. 1974.
116 pages.

TWRI 2-D2.  Application of seismic-refraction techniques to hydrologic studies, by F.P. Haeni. 1988. 86 pages.

TWRI 2-E1.  Application of borehole geophysics to water-resources investigations, by W.S. Keys and L.M. MacCary. 1971. 126 pages.

TWRI 2-E2.  Borehole geophysics applied to ground-water investigations, by W. Scott Keys. 1990. 150 pages.

TWRI 2-F1.  Application of drilling, coring, and sampling techniques to test holes and wells, by Eugene Shuter and Warren E. Teasdale.
1989. 97 pages.

TWRI 3-Al.  General field and office procedures for indirect discharge measurements, by M.A. Benson and Tate Dalrymple. 1967.
30 pages.

TWRI 3-A2. Measurement of peak discharge by the slope-area method, by Tate Dalrymple and M. A. Benson. 1967. 12 pages.

TWRI 3-A3. Measurement of peak discharge at culverts by indirect methods, by G.L. Bodhaine. 1968. 60 pages.

TWRI 8-A4.  Measurement of peak discharge at width contractions by indirect methods, by H.F. Matthai. 1967. 44 pages.

TWRI 3-A5. Measurement of peak discharge at dams by indirect methods, by Harry Hulsing. 1967. 29 pages:

TWRI 8-A6.  General procedure for gaging streams, by R.W. Carter and Jacob Davidian. 1968. 13 pages.

TWRI 3-A7.  Stage measurements at gaging stations, by T.J. Buchanan and W.P. Somers. 1968. 28 pages.

TWRI 3-A8.  Discharge measurements at gaging stations, by T.J. Buchanan and W.P. Somers. 1969. 65 pages.

TWRI 3-A9.! Measurement of time of travel in streams by dye tracing, by F.A. Kilpatrick and J.F. Wilson, Jr. 1989, 27 pages.

TWRI 8-A10. Discharge ratings at gaging stations, by E.J. Kennedy. 1984. 59 pages.

TWRI 8-A11l. Measurement of discharge by moving-boat method, by G.F. Smoot and C.E. Novak. 1969. 22 pages.

TWRI 8-A12. Fluorometric procedures for dye tracing, Revised, by J.F. Wilson, Jr., E.D. Cobb, and F.A, Kilpatrick. 1986. 41 pages.

TWRI 3-A13. Computation of continuous records of streamflow, by E.J. Kennedy. 1983. 53 pages.

TWRI 3-A14. Use of flumes in measuring discharge, by F.A. Kilpatrick, and V.R. Schneider. 1983. 46 pages.

TWRI 3-A15. Computation of water-surface profiles in open channels, by Jacob Davidian. 1984. 48 pages.

TWRI 3-A16. Measurement of discharge using tracers, by F.A. Kilpatrick and E.D. Cobb. 1985. 52 pages.

TWRI 8-A17. Acoustic velocity meter systems, by Antonius Laenen. 1985. 38 pages.

TWRI 3-A18. Determination of stream reaeration coefficients by use of tracers, by F.A. Kilpatrick, R.E. Rathbun, N. Yotsukura, G.W.
Parker, and L.L. DeLong. 1989. 52 pages.

TWRI 3-A19. Levels at streamflow gaging stations, by E.J. Kennedy. 1990. 31 pages.

TWRI 8-Bl.  Aquifer-test design, observation, and data analysis, by R.W. Stallman. 1971. 26 pages.

TWRI 3-B2.2  Introduction to ground-water hydraulics, a programmed text for self-instruction, by G.D. Bennett. 1976. 172 pages.

'This manual is a revision of “Measurement of Time of Travel and Dispersion in Streams by Dye Tracing,” by E.F. Hubbard, F.A.
Kilpatrick, L.A. Martens, and J.F. Wilson, Jr., Book 3, Chapter A9, published in 1982.
2Spanish translation also available.

v



TWRI 3-B3.
TWRI 3-B4.

Type curves for selected problems of flow to wells in confined aquifers, by J.E. Reed. 1980. 106 pages.
Regression modeling of ground-water flow, by Richard L. Cooley and Richard L. Naff. 1990. 232 pages.

TWRI 3-B4, Supplement 1. Regression modeling of ground-water flow—Modifications to the computer code for nonlinear regression

TWRI 3-B5.
TWRI 3-B6.
TWRI 3-B7.
TWRI 3-C1.
TWRI 3-C2.
TWRI 3-C3.
TWRI 4-Al.
TWRI 4-A2.
TWRI 4-B1.
TWRI 4-B2.
TWRI 4-B3.
TWRI 4-D1.
TWRI 5-Al.

TWRI 5-A2.
TWRI 5-A3.}

TWRI 5-A4.%
TWRI 5-A5.
TWRI 5-A6.

TWRI 5-Cl1.
TWRI 6-Al.

TWRI 6-A2.
TWRI 6-A3.
TWRI 6-A4.
TWRI 6-A5.
TWRI 7-C1.
TWRI 7-C2.
TWRI 7-C3.
TWRI 8-Al.

TWRI 8-AZ.
TWRI 8-B2.

solution of steady-state ground-water flow problems, by R.L. Cooley. 1993. 8 pages.

Definition of boundary and initial conditions in the analysis of saturated ground-water flow systems— An introduction, by
0. Lehn Franke, Thomas E. Reilly, and Gordon D. Bennett. 1987. 15 pages.

The principle of superposition and its application in ground-water hydraulics, by Thomas E. Reilly, O. Lehn Franke, and
Gordon D. Bennett. 1987. 28 pages.

Analytical solutions for one-, two-, and three-dimensional solute transport in ground-water systems with uniform flow, by
Eliezer J. Wexler. 1991. 193 pages.

Fluvial sediment concepts, by H.P. Guy. 1970. 55 pages.

Field methods of measurement of fluvial sediment, by H.P. Guy and V.W. Norman. 1970. 59 pages.

Computation of fluvial-sediment discharge, by George Porterfield, 1972. 66 pages.

Some statistical tools in hydrology, by H.C. Riggs. 1968. 39 pages.

Frequency curves, by H.C. Riggs, 1968. 15 pages.

Low-flow investigations, by H.C. Riggs. 1972. 18 pages.

Storage analyses for water supply, by H.C. Riggs and C.H. Hardison. 1973. 20 pages.

Regional analyses of streamflow characteristics, by H.C. Riggs. 1973. 15 pages.

Computation of rate and volume of stream depletion by wells, by C.T. Jenkins. 1970. 17 pages.

Methods for determination of inorganic substances in water and fluvial sediments, by Marvin J. Fishman and Linda C.
Friedman, editors. 1989. 545 pages.

Determination of minor elements in water by emission spectroscopy, by P.R. Barnett and E.C. Mallory, Jr. 1971. 31 pages.

Methods for the determination of organic substances in water and fluvial sediments, edited by R.L. Wershaw, M.J.
Fishman, R.R. Grabbe, and L.E. Lowe. 1987. 80 pages.

Methods for collection and analysis of aquatic biological and microbiological samples, by L.J. Britton and P.E. Greeson,
editors. 1989. 363 pages.

Methods for determination of radioactive substances in water and fluvial sediments, by L.L. Thatcher, V.J. Janzer, and
K.W. Edwards. 1977. 95 pages.

Quality assurance practices for the chemical and biological analyses of water and fluvial sediments, by L.C. Friedman and
D.E. Erdmann. 1982. 181 pages.

Laboratory theory and methods for sediment analysis, by H.P. Guy. 1969. 58 pages.

A modular three-dimensional finite-difference ground-water flow model, by Michael G. McDonald and Arlen W. Harbaugh.
1988. 586 pages.

Documentation of a computer program to simulate aquifer-system compaction using the modular finite-difference
ground-water flow model, by S.A. Leake and D.E. Prudic. 1991. 68 pages.

A modular finite-element model (MODFE) for areal and axisymmetric ground-water-flow problems, Part 1: Model
Description and User’s Manual, by L.J. Torak. 1993. 136 pages.

A modular finite-element model (MODFE) for areal and axisymmetric ground-water flow problems, Part 2: Derivation of
finite-element equations and comparisons with analytical solutions, by R.L. Cooley, 1992. 108 pages.

A modular finite-element model (MODFE) for areal and axisymmetric ground-water-flow problems, Part 3: Design
philosophy and programming details, by L.J. Torak. 1993. 243 pages.

Finite difference model for aquifer simulation in two dimensions with results of numerical experiments, by P.C. Trescott,
G.F. Pinder, and S.P. Larson. 1976. 116 pages.

Computer mode! of two-dimensional solute transport and dispersion in ground water, by L.F. Konikow and J.D.
Bredehoeft. 1978. 90 pages.

A model for simulation of flow in singular and interconnected channels, by R.W. Schaffranek, R.A. Baltzer, and D.E.
Goldberg. 1981. 110 pages.

Methods of measuring water levels in deep wells, by M.S. Garber and F.C. Koopman, 1968, 23 pages.

Installation and service manual for U.S. Geological Survey monometers, by J.D. Craig. 1983. 57 pages.

Calibration and maintenance of vertical-axis type current meters, by G.F. Smoot and C.E. Novak. 1968. 15 pages.

'This manual is a revision of TWRI 5-A3, “Methods of Analysis of Organic Substances in Water,” by Donald F. Goerlitz and Eugene
Brown, published in 1972.

2This manual supersedes TWRI 5-A4, “Methods for collection and analysis of aquatic biological and microbiological samples,” edited by
P.E. Greeson and others, published in 1977.



CONTENTS

Page Page
1 Cross SECtIONS. .....cvvvvrrmnerrrererirnnirerererenrurerereeennnsnesnnes 27
1 Axisymmetric Flow 33
Background .........coeivieriiiiiiiniinieeie e e e 2 Flow to a Well 35
Purpose and Scope 2 Boundary Conditions Parallel to Z Axis.................. 35
Governing Equation ..........ccceeeveivreriniininiiiiiincinnccinneens 2 Boundary Conditions Parallel to R AXis ................. 35
Procedure for Applying the MODular Finite-Element Model Water-table (Unconfined) Conditions............cceeevvveennnns 36
(IV‘IODFE)'to Grf)und-Water—F.loyv Problems......ccccccce 3 Conversion Between Confined and Unconfined Aquifer
Design Conmderatlons.ﬁ?r the Finite-Element Mesh........ 8 Conditions ....c..ueeviiiiiienicinrrieiiccrreerenn s eennens 38
Concepts of the F n'ut;e-Element Methosl """"""""" 3 Drying and Resaturation of Aquifer Material ................ 38
Shape of the Anticipated Potentiometric Surface...... 4 Nonli
j . . onlinear Head-Dependent Flux 41
Aquifer Geometry and Hydrologic Boundaries......... 4 Cauchy Type 4l
Points of Known Hydraulic Head and Stress............ 8 X Y
General Construction RIS ..o 8 Point Sl.nks .................................... s 43
Identifying Discretization Error..........c...occeveennnnens 13 Steady Vertical Leakage and Evapotranspiration........... 43
Node Numbering and Determining Bandwidth ....vvvenn..n. 13 Stead}.'-State FIOW ................................ 46
Techniques to Enhance Computational Efficiency..... 13 Linear Conditions ...........cevvevnse. 47
DEfiNItiONS. .. c..vreveerreresrsersererenssssnsscssensssesensenas 15 Nonlinear Conditions 47
Solution Methods 15 Selecting Stress Periods and Time-Step Sizes................ 47
Direct: Triangular Decomposition 15 Changing Stresses and Boundary Conditions with
Iterative: Modified Incomplete-Cholesky Conjugate TiME..cevvtiitiirinirri s eererneereannann 49
Gradient....cccuueeeeeeiicerreennoreneereerennerrereeneenes 16 Data Preparation.......c.veveuirreerinireninienirereecnnnnnneenieenerenas 49
Aquifer-Simulation Capabilities...........cccvvveeneee 17 Combined-Element Incidences ...........cceveeerummumnuvesnennnns 50
Nonhomogeneity and Anisotropy 17 Hydraulic-Property and Boundary-Condition Zones........ 51
Steady Vertical Leakage........ccoeeeervvererrenereeennirernnnenenns 18 Grouping Elements into Zones.......cccevueevenrerenrennnns 52
Vertical Leakage of Water Stored Elastically in a Zones for Nonlinear Steady Vertical Leakage,
Confining Bed ........ccevveveierriiimnnnicererninnenninnnnnes 18 Transient Leakage, and Specific Yield.............. 58
Areally Distributed Sources and Sinks 21 Grouping Element Sides into Zones.........ccoevirrenenns 60
Point Sources and Sinks.........ccceevveeennnenns 21 Input InStructions......c.eevenviniiinienirierererenirnrneeecreeenes 63
Initial Condition of Hydraulic Head ........... 23 References .......coeiiiieuieienunerierenrirerinnerunierersneessssssesnneeeens 85
Boundary Conditions ..........ccvviveeerrnervenerniseeencernneannnne 23 APPENAICES ...uevvvrinnnernnrrnereeceeenererrennnerressensernrerssersnsennrees 87
Specified Head .......covvvvivimmenrereniererincreennoneerennenes 23 Definition of Input and OQutput Files........ceevuevuvirnnrennns 88
Specified FIUX ..ovveeirrnieninrnrecrerinrenniineens 23 Examples of Model Input.................. 88
Head-Dependent (Cauchy-Type) Flux 26 Examples of Model OQutput 94
FIGURES
Page
1. Diagrams showing (4) aquifer region partially subdivided by finite elements and typical element ¢; (B) finite-element
representation of hydraulic head #; and (C) finite-element mesh configuration for approximating true hydraulic head £....... 5
2. Representation of potentiometric surface by finite elements (4) near pumped wells; and (B) in an undeveloped aquifer............. 6
3. Examples of additional subdivision by finite elements in areas of changing hydraulic gradient with distance........cccoevevvenreeennnns 7
4. Approximation by finite elements of curved aquifer geometry and hydraulic-property boundaries..........ccovivveveerneccerennneiiennnans 9
5. Representation by finite elements of hydraulic-property zones in cross section (4) near arcuate boundaries; and (B) along
TACIES CRANEES ..ttt et e st e e s e e e e e e e e r e s sttt sttt enenan bR aaen 10
6. Acceptable and unacceptable element Shapes ...........ceuiiiiiiiiiiiiiiiiii e e 11
7. Subdivision of elements by (4) connecting midpoints of element sides, and (B) connecting midpoint to a vertex. (C) finite-
element mesh containing element SUDAIVISION ...cvvvviirrmmuriiiiiiiiiiiriiiiiiiiiieeeeenrteririiineeeeeentosseensnnaeeanasaoaerassasaaaaaasesaaaes 12
8. Effect of node numbering on bandwidth for two identical finite-element meshes (A) and (B).......cccvuverrimuriiinerieennrnnniireeennenns 14

VII



VIII CONTENTS

9. Anisotropic-flow conditions and nomenclature used to transform coordinates to local, Z-7 system ..........cccvvviiiiciiinncnnennnnnan.
10. Examples of steady vertical leakage (4) from source layers and (B) and (C) from areally extensive surface-water features........
11. Vertical head distributions in a confining bed for (A) initial, steady-leakage conditions at time t = t; (B) transient conditions

following changes to aquifer head, &, and source-layer head, H, at t = t,+At,,,; and (C) re-establishment of steady-leakage
CONAILIONS AL £ 2 £, F AL, 11 ceeerreruriiiiriiiiiiiiiii ettt ettt s rtrrrrr e st r s et s ra b e s e et e e e rar s aat s et e iseasa e aar s et eraaranes
12. Areally distributed stress on aquifer region and representation by a typical element ..........cc.ooiiviiininniiniiiiiinn,
13. Applications of specified-head boundaries for a simulated aquifer region and nomenclature used in MODular Finite-Element
MOGE] (MODTFE) ...cvvuuiirinereernnrrerennerrrnisreareossmnsseeseassssuanssssssseesnnsessannsssssssssssessssruussssessssansssstsasssornsssssrnnesensuosssosisserares
14. Specified-flux boundaries representing (A) regional inflow and outflow and internal drainage; (B) constant flow to a well in
cross section; and (C) areally distributed recharge or discharge outside simulated aquifer region..........cccovicieceereniiiiiinnnrienennns
15. Specified-flux boundary having length L and volumetric flow rate Qp, subdivided by element sides j, and nomenclature
used in MODular Finite-Element model (MODFE).....cc.ueiiiiiiiiiiiiiiienniiee ettt et
16. (4) Examples of head- dependent (Cauchy-type) flux g, across simulated aquifer boundaries; and (B) subdivision of boundary
using element sides and nomenclature used in MODular Finite-Element model (MODFE)........ccccvvvmiiirnniiiiiincnnneennnncnnennnnee
17. Rivers represented as head-dependent (Cauchy-type) boundaries; (A) cross-section view of river and aquifer; (B) three-
dimensional representation of river and aquifer, partially subdivided with finite elements; and (C) plan view of element on
boundary and nomenclature used in MODular Finite-Element model (MODFE)...........cooiiiiiiiininiiiini e
18. Ground-water flow along fault zone represented as head-dependent (Cauchy-type) boundaries; (A) three-dimensional
representation of simulated aquifer, partially subdivided with finite elements, with ground-water flow along fault zone;
and (B) plan view of element side on boundary............ccccivvvrmmiiiiiiiiiiniiiri e e ee et
19. Cauchy-type boundaries used in cross section to represent (A) fully penetrating river; and (B) line of discharge wells
having volumetric flow rate @ .........cccoviiiriiiiiiiiiiiiieiiiiii i e er e a et bR s rse s e s e e s rea st e s e et e ese s e e aa s
20. Cauchy-type boundaries in aquifer cross sections for simulating (A) steady vertical leakage; (B) areally distributed stresses;
and (C) lateral flow across Model DOUNAATIES.......ivueiiiiienriiiiii it trreessert s rss rnss s eresseassaseseesserasssisresssanss
21. Cross section of nonhomogeneous or multiaquifer conditions showing flow to one well in the line of wells shown in Figure
198 and application of spesified-flux DOUNAATIES.........ucviiiiieiniiiiiiiiiiiiii et reaares s reeee e s e s sseraa s sae st e nns s ceasesann
22. Examples of Cauchy-type boundaries (specified flux and head-dependent flux) in axisymmetric flow for simulating boundary
flow (A) in radial direction; and (B) in vertical dir€Ction.....c..ivuriveciiiiiiniiiiiiiieriiiiis et s rreeriersn et esestaseraarsarasenane
23. Water-table aquifer conditions and nomenclature used in MODular Finite-Element model (MODFE) .......ccoooeviiiiiinncniinninens
24. Configuration of aquifer head and altitude of base of overlying confining bed (TOP) for conversion between confined and
UNCONTINEA CONILIONS ...vvniireirrniiniiees ittt e rasiitstertattersrriestanttartaaseastrrsestasserssssssensssatesaasssrossntsonnsensesnrastvessrssnee
25. (A) Block diagram of surficial aquifer (valley-fill deposits) bounded by bedrock uplands; and (B) finite-element mesh used to
simulate drying and resaturation of aquifer material ..........cccooviiiiiiiiiiiiiiiiiiii e e
26. Potentiometric surface of water-table aquifer, subdivided by finite elements, showing drying conditions..........cc.ccouvveiriinennane,
27. Nonlinear head-dependent (Cauchy-type) boundaries simulating (A) flow across a riverbed; (B) flow along a fault zone; and
(C) flow to an irrigation draiN.........cccoviiiiiiiiiiiiiiiii i e e e re s e s e s s s s s e e e n e e asssanan
28. Nonlinear head-dependent paint sinks simulating (A4) spring at node ¢ and (B) irrigation draing........cveveeveviereerinineeccreernnneeenene
29. Nonlinear steady vertical leakage simulating (A) flow through confining bed (B) flow across riverbed sediments; and (C) evapo-
BPANSPIIALION. ¢11uveiniirrereerentistenrrreeesrraseerrensseeasststtatererssstarsssenttsstrassteassssrnressrntoisssrsitssnnnsieresssretssirransesannnasarasssanuans
30. Input of element incidences to MODular Finite-Element model (MODFE) for (A) two contiguous elements having combined-
element incidences and (B) two elements having separate element Incidences..........oceevviiiiiiiiiiiireiniiinren e s
31. (A) Areal representation of water-table aquifer dissected by two rivers and (B) hydraulic conductivity zones, K1, K2,
and K3, for water-1able aqUITEr...........cveuiremiiiiiiier ittt rrieeensttaeeeriesesaerisrerestasttbstaeer et srressrsriansanrarensonras
32. Areal distribution of vertical hydraulic conductance for (4) confining bed underlying water-table aquifer and (B) alluvium
overlying water-table aquifer ........cccvvviiiiiiiii e e s e e e e s aa e e eas
33. (A) Finite-element mesh for example aquifer problem and boundary.conditions and (B) hydraulic-conductivity zones, K1,
K2, and K3, bounded by element SIAeS.......cuuiiiieiierrriniiiiieiiniiiiieiisienicrrsis et reens s raeseab s st e s et sserats s sarrsaraas
34. Element sides used to represent (A4) vertical-hydraulic-conductance zones, R1, R2, and R3, for confining bed underlying
aquifer and (B) boundary of alluvium overlying water-table aquifer ..........ccceireeriieriniiii
85. (A) Hydraulic-property zones (7) resulting from intersecting boundaries for vertical hydraulic conductance and aquifer
hydraulic conductivity and (B) example of input and program variables for Zone 1.......c.coceuviiiimeiieiimiiiinoniiiiereniierneenin,
36. Areal representation of simulated aquifer showing effect of ordering element incidences on establishing zones for nonlinear
steady vertical leakage; (4) no ordering; (B) ordered INCIdences........ccoceveeriiiiiiiriiiiiieiiiin e
37. Areal representation of simulated aquifer showing changes in boundary-condition zones corresponding to changes in
hydraulic-ProPerty ZONES ......ccveuuiiiieriiimrriituiitirineeiniitiiirrit sttt teraiietrrtiseentrrsssnsesestaeesssssarrsresnssnsearasenrrseronssnssorsensare
38. Two-element, four-node, finite-element mesh used in examples of input to MODular Finite-Element model (MODFE)..............



—_

COPXASN PN -

CONTENTS IX

TABLES

Page
Program variables and subroutines used to change stresses and boundary conditions with time...........c..c.eevvrrvvvvevereeevevasssnnnn, 50
Data input for nonlinear steady vertical-leakage zones and element INCIAENECES. ...........cvvvvvrreeerrerennneerieeensseseeresssessosessessensnnes 61
Data input and program variables for boundary-condition zones.......cccceeeveeeermmeeriieerienreenssseeeeenns 62
Linear versions of MODular Finite-Element model (MODFE) and simulation capabilities 63
Nonlinear versions of MODular Finite-Element model (MODFE) and simulation capabilities.........ceeeiierericrrereneererreresssssvnenenne 64
Nonlinear steady-state versions of MODular Finite-Element model (MODFE) and simulation capabilities 65
Data input and descriptions for first example PrODIEIL.........vvmriuuiiieiiiiiiiiiiiceereeeerrriiic e erereee e e eeersaaiesseserraransessessssaresssses 89
Data input and descriptions for second example problem 90
Data input and descriptions for third example problem........cccccccevvvuverreennnnns ) |
Data input and descriptions for fourth example problem 92




A MODular Finite-Element Model (MODFE) for Areal and
Axisymmetric Ground-Water-Flow Problems Part 1: Model
Description and User’s Manual

By Lynn ). Torak

Abstract

A  MODular, Finite-Element digital-computer program
(MODFE) was developed to simulate steady or unsteady-state,
two-dimensional or axisymmetric ground-water flow. Geometric-
and hydrologic-aquifer characteristics in two spatial dimensions are
represented by triangular finite elements and linear basis functions;
one-dimensional finite elements and linear basis functions represent
time. Finite-element matrix equations are solved by the direct
symmetric-Doolittle method or the iterative modified, incomplete-
Cholesky, conjugate-gradient method. Physical processes that can
be represented by the model include (1) confined flow, unconfined
flow (using the Dupuit approximation), or a combination of both; (2)
leakage through either rigid or elastic confining beds; (3) specified
recharge or discharge at points, along lines, and over areas; (4) flow
across specified-flow, specified-head, or head-dependent bound-
aries; (5) decrease of aquifer thickness to zero under extreme
water-table decline and increase of aquifer thickness from zero as
the water table rises; and (6) head-dependent fluxes from springs,
drainage wells, leakage across riverbeds or confining beds combined
with aquifer dewatering, and evapotranspiration.

The report describes procedures for applying MODFE to ground-
water-flow problems, simulation capabilities, and data preparation.
Guidelines for designing the finite-element mesh and for node
numbering and determining band widths are given. Tables are
given that reference simulation capabilities to specific versions of
MODFE. Examples of data input and model output for different
versions of MODFE are provided.

Introduction

This is the first report of a three-part series of
reports that documents MODFE, a MODular, Finite-
Element, digital-computer program. This report is
intended to be a user’s manual that describes applica-
tions of MODFE for simulating the physical processes
associated with two-dimensional and axisymmetric
ground-water flow. The development of matrix equa-
tions that are solved by MODFE is given in a com-
panion report, Part 2 (Cooley, 1992). Similarly, details
of the modular program design are given in Part 3
(Torak, 1993). Simulation capabilities of MODFE
include:

o transient or steady-state conditions,

¢ nonhomogeneous and anisotropic flow where direc-
tions of anisotropy change within the model
region,

® vertical leakage from a semiconfining layer that
contains laterally nonhomogeneous properties and
elastic storage effects,

e point and areally distributed sources and sinks,

e specified-head (Dirichlet), specified-flow (Neu-
mann), and head-dependent (Cauchy-type) bound-
ary conditions,

e vertical cross sections,

® axisymmetric-cylindrical flow,

e confined and unconfined (water-table) conditions,

¢ partial drying and resaturation of a water-table
aquifer,

® conversion between confined- and unconfined-

aquifer conditions,

® nonlinear-leakage functions (for simulating line,
point, or areally distributed sources and sinks),

® changing stresses and boundary conditions on a
stress-period basis, time-step basis, or both, and

e zoned input of hydraulic properties and boundary
conditions.

Elements of the simulation capabilities listed above
are described with regard to their representation of
hydrologic characteristics of ground-water-flow prob-
lems and their implementation in MODFE. Examples
are given that show alternate formulations for repre-
senting the same hydrologic characteristic, such as
leakage to or from a river, and the circumstances
under which each form would apply during simulation.

A discussion of design considerations for the finite-
element mesh is given to provide important back-
ground information to the model user about creating a
mesh with the appropriate subdivision (diseretization)
where needed within the region to be simulated.
Methods for recognizing and minimizing errors in the
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computed solution that are related to the discretiza-
tion scheme also are provided. Generalized rules are
given as guidelines to proper mesh construction for
most applications of MODFE.

Several methods of improving the computational
efficiency and ease of data input are discussed in this
report. These include selecting either a direct or an
iterative method to solve the finite-element equations,
numbering nodes in the finite-element mesh to ensure
efficient use of computer storage and of the direct-
solution method, and preparing hydrologic informa-
tion for data input by zone. Example simulations are
used to demonstrate data input and program output,
and input instructions are given.

Background

Descriptions of the numerical representation of
physical processes and hydrologic features contained
in this and the companion reports have evolved over
the past 10 years from material presented by the
authors in the course “Finite-Element Modeling of
Ground-Water Flow,” held at the U.S. Geological
Survey National Training Center in Denver, Colo-
rado. This report formalizes the course material,
which has been revised to incorporate comments and
suggestions from attendees of the courses.

Purpose and Scope

This report is a guide to using MODFE for simulat-
ing two-dimensional, ground-water-flow problems of
varying complexity. Concise descriptions are given for
representing hydrologic characteristics of ground-
water-flow problems numerically and by the finite-
element method used in MODFE. Discussions of sim-
ulation capabilities emphasize how the model user
would convert real-world, hydrologic conditions into a
numerical representation for solution. Details con-
cerning computational aspects of MODFE are not
included in this report. In like manner, the model
equations also are not developed. These aspects of
MODFE are given proper emphasis in companion
reports by Cooley (1992) and Torak (1993), so that this
report can focus on the hydrologic aspects of applying
MODFE to solve ground-water-flow problems.
Hence, a user can begin to simulate aquifer problems
with MODFE after only a short investment in time
spent reading this report.

Governing Equation

MODFE solves the two-dimensional, unsteady-
state equation of ground-water flow given by equation

(1) in Cooley (1992), for hydraulic head h, subject to
the boundary conditions expressed by equations (2)
through (5) in Cooley (1992). This equation is restated
as

3 oh T a_h_ iT 2’f+T %+RH h+W+P—Sah1
ol Tee™ Loy g Ty Ty RO+ W P=S53501
where

(x,y)= Cartesian coordinate directions [length],
t= time [time],
h(x,y,t)= hydraulic head in the aquifer [length],
H(x,y,t)= hydraulic head in the source layer
[length],

[Txx(x'y’h’t) T'I,‘(y(X,y,hﬁt)J = symmetric transmissivity ten-
Tyx(®y,08) oy Y08 gor written in matrix form
(length?/time]

R(x,y,t)= hydraulic conductance (vertical hydraulic
conductivity of a confining bed divided by
its thickness) [time™’],

S(x,y,t)= storage coefficient [0],

W(x,y,t)= unit areal recharge or discharge rate
(positive for recharge) [length/time], and

P(x,y,h,t)= 3 8(z—0)b(y—b)Q;= Dirac-delta desig-
-1 nation for p point
sources or sinks,
each of strength Q;
[length/time] an
located at (a;,b)). Q;
is positive for injec-
tion.

Both confined (linear) and water-table (nonlinear)
conditions are simulated by MODFE and are repre-
sented by equation (1). For confined ground-water
flow having linear boundary conditions, terms in equa-
tion (1) that multiply either hydraulic head, h(x,y,t),
or derivatives of head, or terms that represent bound-
ary flows, are not functionally dependent on head and
are constant in time. An example is ground-water flow
in a confined aquifer having linear boundary condi-
tions, where neither the transmissivity nor storage
coefficient are functions of head.

When applied to nonlinear ground-water flow, equa-
tion (1) contains terms that are functionally dependent
on hydraulic head. For example, in a water-table
(unconfined) aquifer, transmissivity is a function of
hydraulic conductivity, K, and changing aquifer thick-
ness, b, which is a function of changing hydraulic
head. That is, b = h — z,, where 2, is the altitude of
the aquifer bottom, and T = K(h — z,), (see equation
(65) of Cooley, 1992). Another example of nonlinear
conditions occurs when aquifers convert from confined
to unconfined (or from unconfined to confined) condi-
tions during the simulation, where the storage coeffi-
cient and transmissivity change with time depending
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on the value of hydraulic head relative to the base of
the overlying confining bed.

Terms accounting for steady vertical leakage, R(H
— h) in equation (1), or Cauchy-type boundaries, o(Hg
— h) in equation (4), (Cooley, 1992), will cause equa-
tion (1) to be nonlinear if R, «, or the head differences
change as a function of aquifer head. Typical applica-
tions of these nonlinear-leakage functions are given in
subsequent sections of the user’s manual and involve
simulation of rivers, springs or drainage-well dis-
charge, evapotranspiration, and vertical leakage from
an overlying confining bed when the aquifer converts
from confined to unconfined (or from unconfined to
confined) conditions.

Procedure for Applrm g the
MODular Finite-Element
~ Model (MODFE) to
Ground-Water-Flow Problems

The procedure for applying MODFE to two-
dimensional ground-water-flow problems begins by
constructing a finite-element mesh that will accurately
represent hydrologic factors such as hydraulic head,
aquifer geometry, and boundary conditions within the
region to be simulated. The following section provides
guidelines for mesh construction, and gives examples
of how these hydrologic aspects can be represented by
subdivision, or discretized, with triangular elements,
element sides, and (or) element intersections (nodes)
in a finite-element mesh.

After a suitable finite-element mesh is constructed,
the next step is to number the nodes in a manner that
minimizes computer storage and execution time; this
increases the computational efficiency of MODFE.
Techniques are discussed for minimizing the maxi-
mum difference between node numbers in any element
(termed the matrix bandwidth) and for minimizing the
maximum number of element connections to any node
(termed the condensed semibandwidth), two factors
related to mesh design and node numbering that affect
computational efficiency. Examples are given that
show node-numbering schemes and their effects on
computer storage, and how to eliminate excessive
element connections to any node by redesigning parts
of the mesh. Although these discussions follow the
section on mesh design, they provide valuable infor-
mation that a user should consider during construction
of a finite-element mesh.

The next step in applying MODFE to solve a
ground-water-flow problem is to select a solution
method to the finite-element matrix equations that are

formed by the program. Information is provided about
the direct (symmetric-Doolittle) method of triangular
decomposition and about the iterative, modified
Cholesky, conjugate-gradient method so that the user
can decide which method will better suit the aquifer
problem to be solved. Like the previous consider-
ations for mesh design and node numbering, selection
of either solution method is a matter of computational
efficiency rather than numerical accuracy.

Design Considerations for the
Finite-Element Mesh

This section describes how to design a finite-
element mesh to account for the pertinent hydrologic
factors that are present in ground-water-flow prob-
lems that can be solved by using MODFE. The
accurate representation of hydrologic factors that
affect ground-water flow in an aquifer depends partly
on accurate approximations to the ground-water-flow
equations by the finite-element method, as discussed
in Cooley (1992), and partly on the design of the
finite-element mesh. Factors such as locations of flow
boundaries and wells, aquifer geometry, distribution
of hydrologic properties, and shape of the anticipated
potentiometric surface, all influence mesh design.
These factors are discussed relative to representing
an aquifer region with triangular elements, element
sides, and nodes, which together comprise a finite-
element mesh.

Parts of this section contain descriptions of concepts
of the finite-element method that were developed in
Cooley (1992) and that influence the design of a
finite-element mesh. Descriptions are given about the
manner in which the finite-element method allows
hydraulic head and hydrologic properties to vary
within the area to be simulated, and how these vari-
ations can be represented accurately by the mesh
design. A discussion is presented about errors in the
computed heads over space and time that are caused
by a poorly designed mesh (termed discretization
errors), that is, a mesh that does not adequately
account for these concepts, and guidelines are given so
that a user can test for and minimize the effects of
these errors.

Concepts of the Finite-Element Method

Before discussing how a finite-element mesh can be
constructed to represent the hydrologic factors that
influence ground-water flow in an aquifer, some basic
concepts about the finite-element method used in the
development of MODFE are described as they relate
to mesh design. As stated in Cooley (1992), a basic
concept of the finite-element method is that a complex
flow region can be subdivided into a network of
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subregions, called elements, each having a simple
shape. The element shapes used by MODFE are
triangles, which can approximate curved boundaries
of the flow region by careful placement of element
sides. Elements are constructed over the region so
that the sides of one element coincide completely with
the sides of adjacent elements. Elements are joined
along common sides and at vertices, which are called
nodes, and nodes are located only at element vertices
(fig. 1A). Hydraulic head is computed at the node
points by MODFE. The network of triangles over the
flow region is called a finite-element mesh.

The conecept of variation in hydraulic head within an
element is discussed briefly as it relates to mesh
design. Hydraulic head is approximated at any point,
(x,y), within an element, e, by a simple algebraic
equation, or function, for a plane, h = A® + B®x + C°y
(equation (6) in Cooley, 1992). Values for the function,
h, are defined at the node (fig. 1B). This allows
coefficients A°, B°, and C° to be determined from
nodal values of h . The relations of A®, B, and C°to h
permits h to vary linearly within an element, and
solution of h within an element is known, given the
values of h at the nodes. (See development of equa-
tions (6) through (10) in Cooley (1992), for details.)

Each element in the finite-element mesh represents
a plane of the function h, which represents hydraulic
head. The orientation of the plane in space depends on
the values of h at the nodes (fig. 1B). On an element
side, h is a linear function of head at the nodes that
define the side; the head at the third node in the
element is not used to define h along this side. Thus,
sides of adjacent elements have the same orientation
in space so that the mesh forms a network of piecewise
continuous planes of h within the aquifer region
(fig. 10).

Shape of the Anticipated Potentiometric Surface

An important consideration in the design of the
finite-element mesh is the shape of the anticipated
solution of hydraulic head, or, of the potentiometric
surface, within the aquifer region. The network of
triangular planes that comprises a finite-element mesh
has the versatility to represent changes in hydraulic
heads and in gradients that occur within the aquifer
region during simulation, provided that these changes
are anticipated and are accommodated by the mesh
design. In designing a finite-element .mesh, the user
should identify any anticipated stresses on the flow
system and attempt to understand how these stresses
will affect the simulated potentiometric surface. For
example, initiating or discontinuing well pumpage, or
changing existing well-pumping rates or boundary
flows, can cause changes in hydraulic gradients over
short distances within the aquifer region. Lateral

discontinuities in aquifer properties, caused by abrupt
changes in aquifer thickness or lithology, can cause
hydraulic gradients to change as the discontinuities
are crossed.

For a finite-element mesh to represent a potentio-
metric surface accurately, the network of triangular
planes should be able to approximate curved surfaces
well. As discussed in the previous section, each ele-
ment is a plane that represents part of the potentio-
metric surface. The orientation of each plane is
defined by the values of head at the three nodes
describing the element (fig. 1B,C). On a highly curved
potentiometric surface, such as near a pumped well or
wells, many elements of small area are required to
represent the changing orientation (hydraulic gradi-
ents) of the surface (fig. 24). Conversely, where the
potentiometric surface is nearly flat and contains only
slight changes in hydraulic gradient, such as in an
undeveloped, relatively homogeneous aquifer, ele-
ments of larger area than those used near a pumped
well would be sufficient for representing the surface
(fig. 2B). However, if the effects of a well field or
similar stress is to be simulated on the undeveloped
aquifer, then small elements should be used in regions
where the anticipated stress is to be applied so that
changing hydraulic gradients can be represented ade-
quately by the mesh during simulation of the antici-
pated stress.

The steepness of hydraulic gradients in the antici-
pated solution is not as important a design consider-
ation as the change in gradients with distance.
Hydraulic gradients that are constant or that do not
vary appreciably within the aquifer region, regardless
of slope, indicate a relatively noncurving potentiomet-
ric surface that can be approximated accurately by
using a few large elements. However, where a tran-
sition between steep and gentle gradients occurs, or
where a transition is anticipated, a curved potentio-
metric surface can be created. These areas might
require subdivision by using many small elements
(fig. 3).

Aquifer Geometry and Hydrologic Boundaries

Curved or irregularly shaped aquifer geometry and
hydrologic boundaries influence the potentiometric
surface within an aquifer region, and therefore, influ-
ence the design of the finite-element mesh. Locations
of these features can be approximated nearly exactly
in a mesh by using element sides, as shown in figure 4.
Element sides that define the irregular geometry of
aquifer-region boundaries can be used to represent
specified-head (Dirichlet), specified-flow (Neumann),
or mixed (Cauchy-type) conditions. The location of
zone boundaries for hydraulic properties can be rep-
resented accurately with element sides (fig. 4).
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Figure 1.—Diagrams showing (A) aquifer region partially subdivided by finite elements and
typical element e; (B) finite-element representation of hydraulic head h; and (C)
finite-element mesh configuration for approximating true hydraulic head h.
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As stated in the previous section, changes in hydraulic
properties represent discontinuities in the ground-
water-flow system that may cause changes in hydrau-
lic gradients within the aquifer region. Hence, accu-
rate location of hydraulic-property zones is necessary
to simulate ground-water flow accurately. Rivers also
can be represented by element sides in the same
manner as hydraulic-property zones. Impermeable
(no-flow) boundaries within the aquifer region can be
simulated as either a “hole” in the finite-element mesh
(fig. 4), or as a zone of elements that contain hydraulic
properties of zero. (A discussion of hydraulic-property
zones is given in a later section.)

The irregularly shaped and curved contacts
between hydrologic units in cross section can be
represented easily by element sides. The flexibility in
mesh design is particularly useful for representing
contacts between units that are folded or arcuate
shaped, or where hydrologic boundaries create irreg-
ular aquifer geometry (fig 5A). Aquifer “pinchouts” or
facies changes are represented by positioning element
sides along the contacts between units (fig. 5B).
Combining this aspect of mesh design with the capa-
bility to change directions of anisotropy within the
aquifer region enables simulation of a wide range of
aquifer problems in cross section by using MODFE.
(See section “Cross Sections.”)

Points of Known Hydraulic Head and Stress

Locations within the aquifer region where stresses
and hydraulic heads are known can affect the design of
the finite-element mesh. Points of known hydraulic
head or stress, such as observation or pumped wells,
springs, and drains can be positioned exactly in the
finite-element mesh by placing nodes at their locations
(fig. 2A). The mesh is then constructed with these
nodes used as vertices for. some of the triangular
elements. Other design considerations for the finite-
element mesh require that additional nodes and ele-
ments be used in order to obtain an accurate approx-
imation of the true potentiometric surface.

Comparison of computed heads with measured val-
ues can be made easily from the point (nodal) solutions
of hydraulic head that are provided by MODFE.
Because the computed head at a node approximates a
point on the true potentiometric surface, the com-
puted values can be compared directly with measured
water levels (or an analytical solution, as in Cooley,
1992), provided the nodes are located at the points of
observation. However, if the nodal locations and the
measurements do not coincide, then the expression for
the approximate solution of head, h, given by equa-
tion (6) of Cooley (1992), can be used to compute
hydraulic head at any (x,y) location within an element.
This equation uses nodal coordinates and values of

head and coordinates of the measurement to compute
the head at the specific location.

General Construction Rules

Some general rules are given as a guide to ensure
proper construction of the finite-element mesh. Sev-
eral design considerations have been mentioned in
previous sections, and many different triangular-
element shapes are permitted by the finite-element
method. However, not all element shapes are accept-
able for representing hydrologic conditions in an aqui-
fer region. Adherence to the following rules will
enable construction of a mesh that addresses the
design considerations and has the ability to provide a
numerical solution that closely approximates observed
conditions. Some construction rules may not require
strict adherence, and in some cases, might be inappro-
priate or inapplicable given the nature of the aquifer
problem. Other rules, if violated, may lead to errors in
the numerical solution, termed discretization errors.
These errors are described briefly after the associated
rule, and a reference is given for the interested reader
who wishes to pursue a more detailed discussion.
Identification of discretization errors and methods for
evaluating and minimizing them are discussed in the
following section.
— Suhdivide the aquifer region as much as possible by
using a regular triangular mesh consisting of uni-
formly sized equilateral triangles (fig. 4). However,
other design considerations within the aquifer region,
such as discontinuities in hydraulic properties, aquifer
geometry, or hydrologic boundaries, may take prece-
dence over strict adherence to this construction rule.
Equilateral triangles provide the most accurate rep-
resentation of hydrologic conditions by minimizing the
error associated with approximating hydraulic head
with the finite-element method. For a regular trian-
gular mesh, the error of approximation is proportional
to the square of the length of an element side. For a
mesh consisting of irregular element shapes, the
approximation error is proportional to the square of
the maximum length of the element sides (Strang and
Fix, 1973, chs. 1 and 2).
— Avoid construetion of thin, needle-like elements (fig,
6A), as these “degenerate” triangles can either affect
the numerical stability of the finite-element method
(Strang and Fix, 1978, ch. 3), or introduce errors into
the approximation of hydraulic head within an ele-
ment. Although no limitations on the thinness of an
element was found in the literature, Strang and Fix
(1973, p. 139) indicated that angles as small as 22.5
degrees did not pose a problem with the finite-element
method. My experience with mesh design indicates
that angles between 30 and 90 degrees are sufficient
for subdividing an aquifer region with finite elements.
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Figure 4.—Approximation by finite elements of curved aquifer geometry and hydraulic-property boundaries.

Smaller angles could be used for specialized problems,
such as axisymmetric flow to a well. (See section
“Comparisons of Numerical Results with Analytical
Solutions,” in Cooley, 1992.)

— The sum of two angles created by a side that is
common to two elements cannot exceed 180 degrees

(fig. 6B). Violation of this construction rule results in
at least one obtuse angle being created by the side
that is shared by the two elements. The existence of
obtuse angles in the mesh can be determined by
inspection, if the mesh is small, or by a computer
program that uses the nodal coordinates as input.
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Figure 5.—Representation by finite elements of hydraulic-property zones in cross section (A) near arcuate
boundaries; and (B) along facies changes.

Adherence to this rule ensures diagonal dominance of
transmissivity (or hydraulie conduectivity) terms in the
coefficient matrix G of equation (49) in Cooley (1992).
That is, all off-diagonal transmissivity (or hydraulic
conductivity) terms in the coefficient matrix are neg-
ative, and all main diagonals are positive. This guar-
antees a non-negative inverse matrix of G, a desirable
condition for numerical solution. Because the inverse

matrix and the coordinate functions N of equation (9)
in Cooley (1992) are non-negative, the finite-element
representation of hydraulic head obeys the same phys-
ical laws as the true hydraulic head. That is, heads will
decrease (increase) when a negative (positive) stress
is applied. (See Strang and Fix, 1973, p. 78).

— Incorporate as much aquifer-problem geometryinto
the finite-element mesh as possible. Curved hydro-
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Figure 6. —Acceptable and unacceptable element shapes.

logic boundaries are represented easily by locating
nodes on the boundaries (fig. 4). Symmetry in the
anticipated solution of hydraulic head requires a cor-
responding symmetry in the design of the mesh, such
as around cones of depression near pumped wells or
other stresses (fig. 2).

— Locate points of observation and hydrologicfeatures
that are pertinent to an aquifer problem as exactly as
possible by using nodes or element sides. Water-level
measurements, stresses, and boundary conditions can
be represented within the finite-element mesh either
as nodes or element sides, allowing for direct compar-
ison of measured values for hydraulic head and flux
with the computed solution. However, if nodes cannot
represent the location of a water-level measurement
exactly, then the value at that location can be deter-
mined from values at the surrounding nodes, as
described in the section “Points of Known Hydraulic
Head and Stress.”

— Nodes can be positioned only at vertices of triangu-
lar elements.
— Design the mesh so that the number of element
sides that connect to any node is fairly uniform
throughout the mesh. This construction rule is related
more to effective use of computer storage and compu-
tation time by MODFE than to the ability of the mesh
to represent true hydrologic conditions. This design
criterion influences the value of the condensed-matrix
bandwidth, which is discussed in the following section.
For most aquifer problems in areal dimensions, a
regular triangular mesh can be either drawn by hand
or generated by computer to cover the extent of the
aquifer region of interest (fig. 4). If additional discret-
ization is needed within the simulated region, then
midpoints of element sides can be connected to create
four equilateral triangles from each original triangle
(fig. 7A, dashed lines). The additional nodes, which
appear on the midsides of elements that were not
subdivided, are then linked by an element side to the



12 TECHNIQUES OF WATER-RESOURCES INVESTIGATIONS

c

Figure 7.—Subdivision of elements by (A) connecting midpoints of element sides and (B) connecting
midpoint to a vertex. (C) Finite-element mesh containing element subdivision.

opposite vertex of the larger element (fig. 7B). Sub-  mesh is finely discretized near a river. Note that nodal
division of the formerly unchanged element in this  locations along the river have been moved from the
manner creates two elements that are 30-60-90-  positions that resulted from the element subdivision.
degree triangles. These concepts of element subdivi- By carefully adjusting nodal locations, all angles in the
sion are demonstrated in figure 7C where the coarse  mesh can range from 30 to 90 degrees.
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For axisymmetric-cylindrical (radial) flow, the mesh
can be designed according to the examples given in the
section “Axisymmetric Flow”, or according to the
mesh used in the radial-flow problems given in Cooley
(1992). Depending on aquifer geometry and subsur-
face lithology, a regular triangular mesh also can be
used to discretize the aquifer region in eross section or
in axisymmetric flow. However, care must be taken
when designing a mesh in axisymmetric coordinates to
ensure that the symmetry of the flow problem is
represented by the mesh. (See section “Axisymmetric
Flow.”)

Identifying Discretization Error

The ability of the subdivision (discretization)
scheme to accurately approximate the true hydrologic
response to stress on the ground-water system is the
ultimate test of adequacy in the design of the finite-
element mesh. Aside from errors in the characteriza-
tion of hydrologic properties and in the measurements
used to check model validity, discretization error can
undermine the computed solution and prevail through-
out the study if it is undetected and not corrected.
Discretization error may be manifested by the inabil-
ity of the mesh to represent changing hydraulic gra-
dients in the vicinity of a pumped well or discontinuity
in hydrologic properties. Violation of certain mesh-
construection rules, described in the previous section,
could cause less-than-adequate approximations of
hydraulic head within elements. In some cases, dis-
cretization error may be subtle, and the user may
attempt unsuspectingly to compensate for these by
adjusting hydrologic properties during the calibration
process or by questioning the accuracy of measure-
ments. In other cases, discretization errors may not
be so subtle. In either case, the user must attempt to
identify and minimize discretization error during the
initial stages of mesh construction.

The process of identifying discretization error in a
finite-element mesh is straightforward: the user tests
whether refinement of the mesh creates acceptable or
unacceptable changes in the computed solution. Mesh
refinement involves changing element sizes or shapes,
or both, and testing requires determining the effects
of these changes on the simulation results. This test
can be performed either on part of the aquifer region
or on a small, prototype area that contains hydrologic
properties and stresses that are characteristic of the
aquifer region and the problem. Results of identical
simulations that use different finite-element meshes
can be compared to determine if the mesh refinements
improved the computed solution. For example, if
ground-water pumping was simulated under transient
conditions, then the computed potentiometrie surfaces
resulting from fine and coarse discretizations are

compared. The mesh that provided improved defini-
tion of the potentiometric surface, usually the finer
mesh, is preferred over the other mesh. The mesh
that provided a more acceptable solution is then
further discretized and the simulation is repeated.
Testing is concluded when additional mesh refinement
does not improve the solution.

Discretization error that is associated with the
shape of the finite elements can be identified by
inspecting the mesh, if it is small, or by using a
computer program to check angles between element
sides. A test simulation can be performed after recon-
structing part of the mesh that is suspect. Parts of the
mesh that contain thin elements or elements that have
obtuse angles can be reconstructed to eliminate these
occurrences. The simulation is performed with the
reconstructed mesh and the results are compared with
the previous simulation. A brief discussion of the
effects of obtuse angles and thin elements on the
finite-element representation of hydraulic head is
given in the previous section.

Node Numbering and Determining
Bandwidth

After constructing the finite-element mesh, nodes
are numbered so that data can be entered. Although
node numbering can be arbitrary, certain numbering
conventions will improve the computational efficiency
of MODFE. For example, by minimizing differences
between node numbers in any element, terms used to
form coefficients for the finite-element matrix equa-
tion (254) in Cooley (1992) will be stored as close
together as possible in the computer program, allow-
ing computations to be performed efficiently. The
maximum difference between node numbers in an
element that does not contain a specified-head node is
used to allocate computer storage for the direct-
solution method. In a patch of elements, the maximum
number of connections from the node in the center of
the patch to higher node numbers will determine the
computer-storage requirements for each node and the
number of storage locations that are overwritten by
the iterative, conjugate-gradient method of solution.
Allocation of computer storage and execution time is
discussed in Torak (1993). Guidelines are given below
that will permit a node numbering scheme to be
developed that utilizes the computer-storage and com-
putational attributes of MODFE effectively.

Techniques to Enhance Computational Efficiency

Numbering nodes to enhance the computational
efficiency of MODFE is related directly to minimizing
the reduced-matrix bandwidth and indirectly to mini-
mizing the condensed-matrix bandwidth. The effects
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Maximum Matrix Band Width,
MBW =12 (24-13 +1)

Maximum Condensed Band Width,
MBWC = 8 (7+1)

A

Maximum Matrix Band Width,
MBW=7(23-17+1)

Maximum Condensed Band Width,
MBWC = 8 (7+1)

B

Figure 8. —Effect of node numbering on bandwidth for two identical finite-element meshes (A) and (B).

of node numbering on both bandwidth determinations
are discussed here, and guidelines for bandwidth
reduction are given. Definitions for the reduced
matrix, condensed matrix, and bandwidths, are given
in the following section for reference. In addition, the
user can consult the appropriate sections of Cooley
(1992) and Torak (1993) for a more detailed description
of these terms.

The maximum difference between node numbers in
any element and the reduced-matrix bandwidth usu-
ally can be minimized by numbering nodes along the
shorter direction of the finite-element mesh. For
example, given two identical meshes (fig. 8), the mesh
that is numbered in the longer direction (fig. 8A)
yields a maximum difference between node numbers
of 11 (24-13) and a reduced-matrix bandwidth of 12.
The mesh that is numbered in the shorter direction

(fig. 8B) yields a maximum difference between node
numbers of 6 (23-17) and a reduced-matrix bandwidth
of 7. The reduced-matrix bandwidth is expressed in
figure 8 and in MODFE as the program variable
MBW. A specific definition of the reduced-matrix
bandwidth is given in the following section.

The condensed-matrix bandwidth can be deter-
mined by inspecting the finite-element mesh and
obtaining the maximum number of nodal connections
to any node. Specifically, the condensed-matrix band-
width is the maximum number of connections to
higher-numbered nodes from the node in the center of
a patch of elements, plus one. An approximation of the
condensed-matrix bandwidth is obtained by counting
element sides that are connected to a node in the
center of a patch of elements and adding one to this
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sum. Usually, the value of the condensed-matrix
bandwidth is influenced more by mesh design than by
node numbering. However, the following example
demonstrates that node numbering could be equally
important as mesh design in minimizing the
condensed-matrix bandwidth.

Consider the patch of elements corresponding
either to node 13 in figure 84 or to node 17 in figure
8B. Although these nodes connect to seven other
nodes in the patch of elements, the condensed-matrix
bandwidth is determined to be five, as only four of the
seven nodes have a higher node number than either 13
or 17, respectively. The condensed-matrix bandwidth
is expressed in figure 8 and in MODFE as the program
variable MBWC.

The condensed-matrix bandwidth usually is not
affected by the size of the finite-element mesh. For
regular triangular meshes, the condensed-matrix
bandwidth may have a uniform value over the mesh,
and the maximum value of MBWC may be determined
easily by visual inspection. Irregular meshes make the
determination of MBWC difficult; thus, care should be
taken in the design of the mesh to avoid excessive
element connections to a node.

Definitions

Reduced Matric—The matrix of coefficients to
finite-element matrix equation (254) in Cooley (1992),
that results from eliminating equations corresponding
to specified-head nodes. This elimination decreases
the order of the matrix equation.

Reduced-Matrix Bandwidth—The maximum num-
ber of ecolumns between and including the first and last
nonzero entries in a row of the reduced matrix. The
reduced-matrix bandwidth is estimated as the maxi-
mum difference between node numbers in any element
that does not contain a specified-head node, plus one.
The actual value of the reduced-matrix bandwidth is
computed in MODFE by using index numbers to
nodes (see sections “Reduced Matrix A” and “Reor-
dering Finite-Element Equations for Solution” in
Torak, 1993). It is used in MODFE to expand the
condensed matrix prior to solution by the direct-
solution method and to allocate computer storage (see
section “Allocation of Computer Storage and Process-
ing Time” in Torak, 1993).

Condensed (or Transformed) Matrix—A matrix
consisting of the nonzero entries to the right of and
including the main diagonals of the reduced matrix.
The first column of the condensed matrix stores the
main diagonal of the reduced matrix. Off diagonals of
the reduced matrix are stored in subsequent columns
to the right of the first column (main diagonal of the
reduced matrix). This transformation uses the sym-
metry of the reduced matrix to decrease computer

storage and increase the computational efficiency of
MODFE.

Condensed-Matrix  Bandwidth—The maximum
number of nonzero terms across a row of the con-
densed matrix, determined from the finite-element
mesh as the maximum number of higher-numbered
nodes that connect to the node in the center of a patch
of elements, plus one.

Solution Methods

Two methods for solving finite-element matrix
equation (254) in Cooley (1992), are available in
MODFE: a direct, symmetric-Doolittle method of
triangular decomposition and an iterative, modified,
incomplete-Cholesky, conjugate-gradient method
(MICCG). Both methods are capable of providing
numerical solutions that are limited only by the
numerical precision of the computer, thus, each
method should be considered equally plausible for the
solution of a given matrix problem. The solution
methods are interchangeable by replacing the set of
subroutines and Fortran call statements pertaining to
one method by the set pertaining to the other. Details
of replacing solution methods are given in the section
“Structure Diagrams for the Main Programs of
MODFE”, in Torak (1993).

Guidelines for selecting one solution method over
the other are based mostly on computational effi-
ciency, that is, the computer storage and time
required for completing a simulation. The direct
method can be used efficiently on aquifer problems
containing a maximum of about 120 to 200 nodes. This
limitation is only approximate, as the computational
efficiency of the direct method (and the iterative
method) is affected by the matrix bandwidths,
described in the previous section. Thus, by minimizing
the bandwidths, the efficiency of the solution methods
is increased.

Both methods can be used to solve linear- or
nonlinear-aquifer problems under steady-state or
transient conditions. However, as explained in the
section “Stopping Criteria” in Cooley (1992), the
MICCG method may be more efficient than the direct
method for solving nonlinear problems. Other guide-
lines and descriptions of data inputs for each solution
method are given in the following sections.

Direct: Triangular Decomposition

The symmetric-Doolittle method of triangular
decomposition solves matrix equation (254) in Cooley
(1992) in a direct manner, without iteration. Details of
the solution method are given in the section
“Symmetric-Doolittle Method,” in Cooley (1992).
Briefly, the coefficient matrix A in equation (254) in
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Cooley (1992) is factored into upper- and lower-
triangular matrices that facilitate solution by a
forward-elimination and back-substitution process.
The method becomes less efficient computationally
than the iterative MICCG method as the number of
equations approaches the range of about 120 to 200.
Inputs for the direct-solution method consist of
values for the reduced-matrix bandwidth and the
condensed-matrix bandwidth. Descriptions of both
bandwidths and methods for bandwidth minimization
are given in the sections “Node Numbering and Deter-
mining Bandwidth” and “Techniques to Enhance Com-
putational Efficiency.” Values for the reduced-matrix
bandwidth and the condensed-matrix bandwidth are
input to MODFE as the program variables MBW and
MBWC, respectively. Descriptions of data inputs to
MODFE are given in the section “Input Instructions.”

Iterative: Modified Incomplete-Cholesky
Conjugate Gradient

The iterative method used to solve matrix equation
(254) in Cooley (1992) is the modified incomplete-
Cholesky conjugate-gradient (MICCG) method.
Details of the MICCG method are given in the section
“Modified Incomplete-Cholesky Conjugate-Gradient
Method” in Cooley (1992), and references are given in
that section for additional information about the
method. In general, the coefficient matrix A of equa-
tion (254) in Cooley (1992) is split, approximately, into
two matrices M and N. The factorization of M and the
iterative scheme used in the MICCG method are
essential to the computational efficiency of the
method.

Guidelines for selecting the MICCG method over
the direct method are based on the relative amounts of
computer storage and execution time required for
each method to solve a given aquifer problem. As
stated in the previous section, the MICCG method is
faster than the direct method for solving aquifer
problems containing more than about 120 to 200
nodes. My experience with both methods on regular
triangular meshes ranging in size from about 120 to
15,000 nodes (or equations) is that the MICCG method
is about 35 to 70 percent faster than the direct
method, with the larger meshes producing the greater
savings in execution time.

The MICCG method uses less computer storage
than the direct method when applied to meshes con-
taining more than about 120 nodes. For meshes having
fewer than about 120 nodes, the direct-solution
method may use less computer storage (and time).
However, the larger the aquifer problem, in number
of nodes, the more favorable is the selection of the
MICCG method for solution. For example, the
MICCG method required about 40 percent less com-

puter storage than the direct method for a mesh
containing about 1,100 nodes. As described in previous
sections, the computational efficiency of either method
is related to mesh design and to the bandwidth deter-
minations; however, the direct method is affected
more by these factors than the iterative method.

The iterative MICCG method may have computa-
tional advantages over the direct method for solving
nonlinear steady-state problems. As described in the
section “Stopping Criteria” in Cooley (1992), the num-
ber of MICCG iterations (on an ’inner’ iteration loop)
can be decreased by the appropriate selection of a
closure tolerance. Thus, the reduced computation time
caused by taking only a few (inner) MICCG iterations
may be less than the time needed to obtain a solution
by the direct method. The numerical accuracy of the
nonlinear solution is controlled by another closure
tolerance that is placed on the outer (water-table)
iterations, which are independent of, but contain, the
solvers. Details about selecting a closure tolerance for
the water-table iterations are given in the section
“Nonlinear Conditions.”

Inputs for the MICCG method consist of values for
the maximum number of iterations and the closure
tolerance. The maximum number of iterations is rep-
resented in MODFE as the program variable NIT,
and the closure tolerance is represented as the vari-
able TOL. Because the reduced-matrix bandwidth,
MBW, is not used for the MICCG method, the maxi-
mum number of iterations, NIT, replaces MBW in the
data inputs. (See section “Input Instructions.”) Values
for NIT are problem dependent, and usually range
from about 10 to 20, for linear problems, to about 100
for nonlinear problems. The number of iterations
needed for solution also is dependent on the value of
the closure tolerance, TOL.

Values for the closure tolerance, TOL, are selected
small enough to ensure an acceptable solution of
hydraulic heads and flow rates, yet large enough to
avoid excessive iteration. Usually, values for TOL
range from about 0.001 to 0.0000001. The larger value
is about an order of magnitude smaller than the error
associated with water-level measurements, and the
smaller value is near the limit of numerical aceuracy
for single-precision computations by most computers.
For nonlinear steady-state problems, TOL should be
set large enough so that closure is obtained within a
few MICCQG iterations. As described above, the accu-
racy of a nonlinear solution is controlled by an addi-
tional closure criterion for water-table iterations.
Details about the operation of water-table iterations
and selection of this closure criterion are given in the
section “Nonlinear Conditions” and in the section
“Nonlinear Case” in Cooley (1992).
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Although MICCG is an iterative method, values for
iteration parameters are not input to MODFE.
Instead, values for iteration parameters are computed
automatically within the solver subroutine at the time
of execution. Thus, with the appropriate value for the
closure tolerance, TOL, the MICCG method will pro-
duce a solution efficiently that is as numerically accu-
rate as the direct method.

Aquifer-Simulation
Capabilities

MODFE contains the following aquifer-simulation

capabilities:

e transient or steady-state conditions,

¢ nonhomogeneous and anisotropic flow where direc-
tions of anisotropy change within the model
region,

e vertical leakage from a semiconfining layer that

contains laterally nonhomogeneous properties and

elastic storage effects,

point and areally distributed sources and sinks,

specified-head (Dirichlet), specified-flow (Neu-

mann), and head-dependent (Cauchy-type) bound-

ary conditions,

vertical cross sections,

axisymmetric-cylindrical flow,

confined and unconfined (water-table) conditions,

partial drying and resaturation of a water-table

aquifer,

conversion between confined- and unconfined-

aquifer conditions,

® nonlinear-leakage functions (for simulating line,
point, or areally distributed sources and sinks),

® changing stresses and boundary conditions on a
stress-period basis, time-step basis, or both, and

e zoned input of hydraulic properties and boundary
conditions.

The simulation capabilities listed above are
described in sections of this report with regard to the
physical processes that describe the hydrologic phe-
nomena and to their implementation in MODFE.
Mathematical symbols used by Cooley (1992) to
describe these capabilities are replaced here by pro-
gram variables which are contained in MODFE. Brief
descriptions of data inputs for these simulation capa-
bilities are given to enable the user to link the
hydrologic phenomena to the mathematical represen-
tation in MODFE. Detailed data-input instructions
are given in the section “Input Instructions.”

Nonhomogeneity and Anisotropy

Two-dimensional ground-water flow in aquifers that
exhibit nonhomogeneity and (or) anisotropy with

regard to hydrologic characteristics (either hydraulic

properties or boundary conditions) can be simulated

by MODFE. Nonhomogeneous conditions are repre-

sented in MODFE by inputting distinet values for

hydrologic characteristics by element or by node. The

following hydrologic characteristics are input to

MODFE by element:

o aquifer hydraulic conductivity or transmissivity,

® rotation angle for anisotropy in aquifer hydraulic
conductivity or transmissivity,

e vertical hydraulie conductance of confining bed,

® aquifer storage coefficient and (or) specific yield,
and

¢ unit rate of areally distributed stress.

The following hydrologic characteristies are input to

MODFE by node:

® volumetric flow rates at point sources and sinks,

e aquifer thickness and altitude of aquifer top (for
water-table simulations), and

e gpecified-flux, or head-dependent (Cauchy-type)
flux boundary conditions (linear and nonlinear con-
ditions).

Although MODFE can represent nonhomogeneity
in hydrologic characteristics with element or nodal
inputs, rarely are these characteristics known with
enough detail throughout the aquifer region to permit
the input of distinct values either by element or by
node. Usually, values for hydrologic characteristics
are generalized into zones, which contain either
groups of elements or groups of element sides, from
which element and nodal inputs can be obtained. A
discussion of preparing data for input to MODFE by
zone is given in the section “Hydraulic-Property and
Boundary-Condition Zones.”

Anisotropic flow, where principal values of hydrau-
lic conductivity (or transmissivity) and principal direc-
tions vary within the aquifer region (fig. 9), can be
represented by MODFE for simulation. Variation of
principal values within the aquifer region is repre-
sented in the same manner as described above for
nonhomogeneity; separate inputs are made for the
principal values in the x and y directions by element or
by zone. The program variables used to represent the
principal values of transmissivity (or hydraulic con-
ductivity) in the data input are XTR and YTR for
the x and y directions, respectively. Details of
these inputs by element or by zone are given in the
section “Hydraulic-Property and Boundary-Condition
Zones.”

Anisotropic conditions of varying principal direc-
tions within the aquifer region are represented easily
in MODFE by transforming the coordinates within
elements that require change. The global x-y coordi-
nate system that is used to represent nodal locations is
rotated orthogonally within an element or a zone to a
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